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Abstract
The general analytical solution for the static spherically symmetric metric supported by
a perfect fluid with proportional-equation-of-state p = wρ is not known at the time of this
writing, except for the trivial cases w = 0 and w = −1. We show that if Buchdahl coordinates
are used, the problem becomes analytically solvable for w = −1/5; exhibit and discuss the
solution(s).
1 Introduction: SSSPF solutions with proportional EoS
Contrary to the impression in a non-negligible fraction in the literature (see works citing [1]), the
solution for “black hole surrounded by quintessence” is not known [2–4]. To be more precise, exact
static spherically symmetric solutions of Einstein’s Field Equations (EFE)
Gµν = κTµν (1)
are unknown for perfect fluid source, i.e.
Tµν = (ρ+ p)uµuν + pgµν (2)
where ρ and p satisfy
p = wρ. (3)
In eq.(1), Gµν is the Einstein tensor, for whose definition we use conventions of [5]; Tµν the stress-
energy-momentum (SEM) tensor and κ the coupling constant. Eq.(2) is applicable for a so-called
perfect fluid, sometimes called the isotropic perfect fluid (corresponding to a fluid without viscosity
and heat conduction), where ρ and p are the energy density and pressure, respectively, as measured
by an observer moving with the fluid; and uµ is the fluid’s four-velocity. One further element of the
description of a perfect fluid is the relation, called an equation of state f(p, ρ) = 0 (EoS) between
p and ρ. In stellar physics, the so-called polytropic EOS, p ∝ ργ is relevant; in cosmology, the
proportional1 EoS, (3). In that context, w = 0 describes the matter-dominated (or “pressureless
dust”) case, w = 1/3 the radiation-dominated case, w < −1/3 dark energy, and w < −1 phantom
∗mail: ibrahim.semiz@boun.edu.tr
1In the literature, this EoS is sometimes called the barotropic EoS or the linear EoS. However, most dictionaries
give the meaning of barotropic as the property that the pressure depends on the density only, and linear would
include relationships like p = p0 + wρ, so we believe that the phrase proportional EoS is more appropriate.
1
energy. These latter concepts have been introduced into cosmology in the last two decades [6, 7],
after the discovery of the acceleration of the expansion of the universe [8, 9].
To find solutions for the contents and structure of a static spherically symmetric spacetime, one
usually starts with the ansatz [5, Sect.23.2]
ds2 = −B(r)dt2 + A(r)dr2 + r2dΩ2 (4)
for the line element, where dΩ2 is the line element for the unit sphere. For a static spherically
symmetric spacetime filled with an isotropic perfect fluid (SSSPF solutions), one must use (2)
together with the staticity of the perfect fluid source, uµ = u0δµ0 . Given the metric ansatz (4), the
functions B(r) and A(r) are two of the four functions comprising the solution, ρ(r) and p(r) the
other two.
However, for most EoS it is very hard to find an analytical solution, and this includes the
deceptively simple proportional EoS p = wρ, except for the trivial cases of w = −1 and w = 0
(possibly for w = 1/3 and/or w = −1/3 as well). A solution for general w would describe the
spacetime around a spherically symmetric object embedded in dark energy or quintessence (note
again that the Kiselev solution [1] does not qualify, see first sentence); but even if found (after all,
a solution can always be found numerically), it could not describe a black hole (see [4, 10]) since
the staticity condition is analytically different inside the horizon.
The usual formalism leading to a solution (especially a numerical one) is a path via the well-
known Oppenheimer-Volkoff (OV) equation [11] (see [12] for arguments on the naming), where an
auxiliary function F (r) proportional to the ”mass function” is introduced; and using the EoS and
the differential relation between F (r) and ρ(r), one gets a differential equation for F (r). If that
equation can be solved, the metric functions can be found via relations between A(r), B(r) and
F (r).
For the equation of state we are interested, p = wρ, the prescription gives
(w + 1)F ′(wrF ′ + F ) + 2w(rF ′′ − 2F ′)(r − F ) = 0 (5)
where we put no constraint on w other than that it is a constant. It can be seen that this is a
nonlinear equation; and we repeat that its solution for arbitrary ω is not known, in fact, not even
for some given value of w. The triviality of the cases w = −1 and w = 0 mentioned above can be
clearly seen here, since for any of these values, half of eq.(5) vanishes and the remainder factorizes
into simple linear equations. In [13], we list all solutions where F (r) is a finite polynomial, but
none of the solutions is general, that is, they do not contain the number of arbitrary constants they
should.
2 Solution for w = −1/5
However, the form (4) for the line element is not unique, it implies that the radial coordinate r has
been defined as 1/2pi times the circumference of the largest circle lying in a given surface of spherical
symmetry. The radius of that circle could be defined as any function (preferably monotonic) y(r)
of r, giving rise to the most general diagonal SSS line element
ds2 = −B(r)dt2 + A(r)dr2 + y(r)2dΩ2. (6)
Now, a coordinate condition can be chosen to define a valid coordinate system. For example,
the coordinates associated with choice y(r) = r, as in eq.(4) are called Schwarzschild, or curvature
coordinates. It turns out that our problem can be solved for w = −1/5 in Buchdahl coordinates
(see the table in [4] for examples of coordinate conditions) where A(r)B(r) = 1, as described below.
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In these coordinates [eliminating A(r)], the EFE give
κρ =
1
y2
−
By′2
y2
−
y′B′
y
−
2By′′
y
(7a)
κp = −
1
y2
+
By′2
y2
+
y′B′
y
(7b)
κp =
B′y′
y
+
B′′
2
+
By′′
y
, (7c)
for the 00, 11 and 22 components, respectively (the 33 component is the 22 component multiplied
on both sides by sin2 θ). The prime of course denotes derivative with respect to r. Adding the first,
second, and (four times) third equations after multiplication by y/2 gives
yB′′ + 2y′B′ + y′′B = κ
y
2
(ρ+ 5p), (8)
which obviously can easily be solved if (ρ+ 5p) = 0, giving
y(r)B(r) = C0 + C1r, (9)
where C0 and C1 are constants.
Now we eliminate pressure from eqs.(7b) and (7c) to get what is usually referred to as the
“pressure isotropy equation”, then eliminate B and its derivatives via (9) to get
(C0 + C1r)y
′′ − 2C1y
′ + 2 = 0. (10)
A relevant singular point of this differential equation is at r1 = −C0/C1, hence becomes infinite in
the case C1 = 0, changing the nature of the equation. Therefore we need to consider the two cases
separately.
2.1 The generic case B = (C0 + C1r)/y, C1 6= 0
In this case, eq.(10) can be solved to give
y(r) = C2 +
r
C1
+
C3(C0 + C1r)
3
3C1
(11)
=
3(C1C2 + r) + C3(C0 + C1r)
3
3C1
≡
f(r)
3C1
(12)
where f(r) has been defined in the last step. This leads to the line element
ds2 = −
3C1(C0 + C1r)
f(r)
dt2 +
f(r)
3C1(C0 + C1r)
dr2 +
f(r)2
9C21
dΩ2 (13)
and SEM tensor functions
ρ(r) = −
45C3
1
C3κ(C0 + C1r)
2
f(r)2
(14)
p(r) =
9C3
1
C3κ(C0 + C1r)
2
f(r)2
. (15)
We propose to call this the SSSPF∝(-1/5)G solution.
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2.2 The particular case B = C0/y, C1 = 0
In this case, eq.(10) gives
y(r) = C2 + C3r −
r2
C0
=
C0(C2 + C3r)− r
2
C0
≡
g(r)
C0
. (16)
Note that this does not follow as the C1 → 0 limit of eq.(11). The resulting line element is
ds2 = −
C2
0
g(r)
dt2 +
g(r)
C20
dr2 +
g(r)2
C20
dΩ2 (17)
and SEM tensor functions
ρ(r) =
5κC2
0
g(r)2
(18)
p(r) = −
κC2
0
g(r)2
. (19)
We propose to call this the SSSPF∝(-1/5)P solution.
3 Discussion
At first sight, it seems that parameters (Ci values) can be found for which the spacetimes could
represent blackholes, as far as particle motion is concerned. The horizon(s) would be the roots
of the functions f(r) or g(r), and for the generic case, also r1 = −C0/C1. However, precisely at
the roots of f(r) or g(r), the angular extent of the spacetime shrinks to zero, “pinching off” the
spacetime between two roots from the rest of the r range. In fact, the scalar curvature also diverges
at those values, indicating singularities.
If g(r) has no roots, it is negative for all r, making t spacelike and r timelike; hence giving a
dynamical spacetime for the SSSPF∝(-1/5)P solution. Hence the particular case represents a static
spacetime only when g(r) has roots, between the roots. The spacetime has a finite proper extension
in the radial direction, and we may call it a spindle-shaped spacetime.
The same considerations apply for the generic case when the function f(r) has an r-region
bounded by two roots of f(r) between which the sign of B(r) is positive. Note that f(r), being
third order, must have at least one root, so the pinching off must occur for some value(s) of r; and
unless f(r) has a single root coinciding with r1, the r and t coordinates will switch roles (timelike↔
spacelike) at some r. The scalar curvature does not diverge at r1 for the SSSPF∝(-1/5)G solution
[except for parameter values where r1 coincides with a double root of f(r)], so r1 is a horizon-like r
value; however, interestingly, the static side may be of finite extent, a one-sided spindle spacetime.
On the other hand, we should recall that in regions where r is timelike, the SSSPF interpretation
is not valid any more; hence these regions probably should not be considered as continuations of
the static regions.
Finally, the EoS p = −ρ/5 does not have a well-known interpretation, unlike the cases listed
between eqs. (3) and (4), or w = −1 (equivalent to a cosmological constant) or w = −1/3
(equivalent to a gas of cosmic strings). Hence it is intriguing that the solution becomes simple in
that case.
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